CONTRIBUTIONS TO THE THEORY OF
MARKOV CHAINS. II

BY
K. L. CHUNG()

Introduction. This is a sequel to my paper [1]. The present developments
are largely independent of the previous results except in so far as given in the
Appendix. Theorem 1 shows a kind of solidarity among the states of a recur-
rent class; it generalizes a classical result due to Kolmogorov and permits a
classification of recurrent states and classes. In §2 some relations involving
the mean recurrence and first passage times are given. In §§3-5 sequences of
random variables associated in a natural way with a Markov chain are
studied. Theorem 2 is a generalized ergodic theorem which applies to any
recurrent class, positive or null. It turns out that in a null class there is a
set of numbers which plays the role of stationary absolute probabilities. In
the case of a recurrent random walk with independent, stationary steps these
numbers are all equal to one and the result is particularly simple. Theorem
3 shows that the kind of solidarity exhibited in Theorem 1 persists in such a
sequence; it leads to the clarification of certain conditions stated by Doblin(?)
in connection with his central limit theorem. Using a fundamental idea due
to Doblin, the weak and strong laws of large numbers, the central limit
theorem, the law of the iterated logarithm, and the limit theorems for the
maxima of the associated sequence are proved very simply. Owing to the
great simplicity of the method it is the conditions of validity of these limit
theorems that should deserve attention. Among other things, we shall show
by an example that a certain set of conditions, attributed to Kolmogorov,
is in reality =ot sufficient for the validity of the central limit theorem.
Furthermore, conditions of validity for the strong limit theorems and the
limit theorems for the maxima are obtained by a rather natural strengthening
of corresponding conditions for the weak limit theorems. A word about the
connection of these conditions with martingale theory closes the paper.

1. The sequence of random variables {X,,}, n=0,1,2,---,forms a
denumerable Markov chain with stationary transition probabilities. The
states will be denoted by the non-negative integers(®) 0, 1, 2, - - - . The

n-step transition probability from the state 7 to the state j will be denoted
by P (P{ =P;;). Thus we have

(n) . .
P;; = P(Xmin =]le = 1)

Presented to the Society, September 1, 1953; received by the editors April 17, 1953.
(*) This research is done on an Air Research and Development Command Project.
() Doeblin.

(%) We note that in [1] the states are the positive integers.
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for all integers m =0 for which the conditional probability is defined. In the
following we shall simply write m =0 in such formulas. The initial probabil-
ities, namely the distribution of X, are fixed but arbitrary.

The notations used below are the same as in [1]. In particular

WP = P(Xa=j, X% b 1 S0 <n|Xo=1),
FY = P(Xo=j, Xy % j, 1 S v <n|Xy = i),

Fip = P(Xo=4, Xo%j, <l 1 S0 <n|Xo=1i),

(p) »_(n) (p) p _(n)
E Fii'y wmi; = Z” Wi

n=1 n=1
* (n)
wPij = Z ePii
nal
* )% o)
F11=ZFHkaN“ZlF .
n=1 n=1

We shall confine ourselves to one recurrent class, hence all Fj;=1.

THEOREM 1(%). Let p be a fixed positive real number. If

(1) ml < w0, my < w

for a pair of states i and j (distinct or not) in a recurrent class, then the same is
true for every pair of states (distinct or not).

Proof. We have, by the usual arguments, if 75j:

(n) (1:) (n v) (n)
E ‘F + )F“ b
v=1

(2)
n v) (n—v (n)
() Z;F( )+ f., )

v=1

Multiplying through by #? and summing from z=1 to = «, we obtain

( v 8 (»)

3 m‘:’)_th()Z( + )PF;) im“p,
v=1 8=1

(») (v) (s) (»)

@ m? = S FCS s+ 0)FD + .
v=1 a=1

(i) We shall show that (1) implies that

(4) Added in proof. A partial result, for integral values of p, was proved independently by
J. L. Hodges and M. Rosenblatt, Recurrence-time moments in random walks, Pacific Journal of
Mathematics vol. 3 (1953) pp. 127-136.
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(5) miy < w

If 2=j there is nothing to show. Otherwise from (3) we obtain, since (s+2)?
ézp(sp-l-vp)

©) mi <2 Z Fi {mid + 0"} + mid < 27 {mid + mi]} + mi .

v=1
From (4) we obtain, since (s+9)? =97,

(7) miy 2 mil + i .
Hence if (1) is true, it follows firstly from (7) that m® < «, mP < o, then
from (6) that m{ < . By symmetry we have also m(" <o,

(ii) We shall show that (5) implies (1) for all j(%). From (3) we obtain,
since (s+9)?=max {sP, v”},

?) *  (p) (2]
mii ; max {gFg; Mii o sMij }

Since ;F3>0 we have m® < »; also m{® < .
Next we have, from (2),

) ® ® o ¥ ®
E Fij —Z,F ZF +Z,F 2 A +0)" = s"}F;
n=1 v=1 8=1 v=1 8=1
+ Z " ‘F(n).
na=l

If 0<p=1, then (s+v)?—s?<v?. Since ;mP <mP <, and we have just
seen that m{) < », it follows on letting N— o that

(1 — Foym < mid + mii < .
Since ;F% <1, we have m{Y < .
If p>1, we use the inequality

(s+ 9)? — s? < po(s + v)7 ! S p27Yy(s? 1 4 v71),
We thus obtain, similarly to the above,

(») { (1) (p—-1) () (p)

(8) (1 - IF")mH S Pz iMis u + : 1} } + im

Now we are going to use induction on [p]. Suppose that we have proved
that mZ V<« implies mZ V<o for every j If mP <o then mZ™?
<m(”)< © and so by the mductlon hypothesis we have mZ~" < . Since
p>1 the assumption m{P < o also implies that m{ < . Hence it follows
from (8) that m{) < o,

(%) Henceforth j is a general index, not necessarily the specific one in (1).
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Since we have proved that the implication “m{ <  implies m{ < ”
is true for all p with 0<p <1, it is now true for all » >0, by induction on [p].

(iii) We have thus far proved that if (1) is true for a pair of < and j then
it is also true for the same i but all j. Hence by (i) also mP’ < » for all j.

REMARK 1. The two conditions in (1) cannot be replaced by one of them.
It is possible that m;; < «» but m;;= ». Consider for example a random walk
with a reflecting barrier: Poy=1, Py n11=P,,na=1/2 for n=1. This example
also shows that some m,; may be finite in a null class.

REMARK 2. Let ¢(n) be a positive, nondecreasing function of » satisfying
d(n+n") Z¢p(n)+Ap(n’) for some constant 4 >0 and every pair of positive
integers #n and #n’ where A4 is a positive constant. Define a generalized mo-
ment(®) as follows:

@ — o)

mi; = 2, ¢(m)Fi; .

=1

Then the theorem remains true if we replace m® by m@®. This is a slight
generalization of the theorem for the case 0 <p=<1. The proof is exactly the
same as in that case.

REMARK 3. For p a positive integer, we have

P
(») b4 () (@) (»
(9) m;; = z:( );mu mg; + mi
=0 \ ¢
p—1
*  (p) ? (-0 (@ (»
(10) ,-F,-;m;i = Ev( );mu mqj + Mmij .
=0 \ ¢

Kolmogorov [12] proved that if m;; < « for some ¢ in a recurrent class,
then m;, < « for all j and % (distinct or not) in the same class. This is part of
the assertion of Theorem 1 for p=1. For p =2 the result has an important
application to Doblin’s central limit theorem; see §4.

Theorem 1 makes it possible to classify recurrent states and classes. One
possibility is as follows. We define the “order” of a recurrent state to be the
supremum of all numbers p =0 for which m{ < ». It follows from Theorem
1 that all the states in one recurrent class have the same order, which may
therefore also be called the order of the class. Obviously, a positive state or
class (in the established terminology(”)) is of order =1, and a null state or
class is of order 1. A state or class of order 1 may be positive or null, as will
appear shortly. We state the following existence theorem.

For any given p=0 there exists a Markov chain such that all of its states
form a class of order p.

(®) I am indebted to J. L. Doob for the suggestion of a generalized moment; unfortunately
I do not see how to extend the theorem significantly for all p.
(%) Lévy [15] uses “strongly ergodic” for “positive” and “weakly ergodic” for “null.”
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This follows from a simple lemma(®) given by Yosida and Kakutani [16],
which asserts: Given a sequence of numbers fn, n=1, such that fn =0, > f.=1,
there exists a Markov chain for which F{® =f,. To prove the existence theorem
above it suffices to take in the lemma

C c’

or
pPtl pnrtl lg2 n

Jo=

where >0 and C and C’ are constants such that Y _,.f,=1. In either case the
state 0 is of order p; however m® = « with the first choice, while m{ <
with the second. For =0 only the second choice is possible.

2. In this section we consider a positive class and we investigate some
relations involving the m;;’s and also give numerical examples.

The following interesting relation is due to T. E. Harris [9]:

(11) lim ,Ff, Mmi; = M.

Fand
We give a new proof here to put it into closer relationship with our develop-
ments. Putting p=1 in (9) and (10), we have

*
(99 mii = Fijmji + mi; + mii,

(10" ith mi; = My + imij.

On comparing the two formulas we obtain, firstly,

(12) mi; = iFti(mii + m;)

also due to Harris ([9]; see (VIIIa) of [1]). Secondly, since 0 F® — ;F® 0
as j— o, the infinite series for ym,; converges uniformly in j, and

(13) lim Mis = Mii,

J—oo

it follows from (9’) that

lim im;; = 0, lim ;F: Mmis = 0.

J—o Fand

The last relation and (12) imply (11).
As a simple consequence, we have for every i
1
> — < =,
i Mij
This follows from the obvious relation m;j;<m;;+m; and Kolmogorov’s

(®) It can be easily proved by the scheme in Example 1 below.
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result Y ;20 1/mji=1.
For further relations we note the following remarkable formula which
expresses the second moment in terms of the first moments:

(14) m,(,Z) = M;; (2 Z ﬁy—l' - 1).

i=0 Mj;

To prove (14) we have only to set f(-) =1 in (B) of the Appendix, and use
(C) there:

@ 1 mi; + M — My
mis = mi + 2mi Y, — D

i Mij & Mk
= i+ 2ma Y, 2 = m;;(2 > 2 1).
i Mij i Mij
From (14) 1t follows that the series
.@
i Mij

converges if and only if m? < ». Consequently, in view of Theorem 1, all

such series for different values of © converge or diverge together. 1f one side of (14)

is infinite, so is the other. In particular if m{ = «, then

lim Mmi; = ©.

J—o

As a counterpart to the last result we now give an example where
lim;., mj=1. Define a Markov chain as follows:

Py =1, Py =1,
Py = 1/n2 Po=1—1/n? forn = 2.

By the Borel-Cantelli lemma the state 0 is recurrent; furthermore mgo=2
+mg < © so that all the states form a positive class. Now

LY L T R Y A T
m. — — — — — _—— o o .
? AV G+0Y T G+ DN G+
Hence lim;., mj=1.
We now give another example to illustrate the possible asymptotic be-
havior of the m,;’s. This example will be used in §4 to disprove a statement

attributed to Kolmogorov.
ExaMpPLE 1. Define a Markov chain as follows: for #=0

Pp=1-— pm -Pn,n+l = Pn.

Put po=1 and put
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o = 1’ Tn = POPI A pn—ly fn = MTp—1 — Tn.
According to the lemma of Yosida and Kakutani, we may take

——— for =2 O fa=1.
ndlgtn n=1

f0=01 fn

Then
kel C C

vent1 031g20  2n%lg?m ’

Tn =

Since P =P{~Vp;, for 0=i<j and we are obviously in a positive class,
we have by Kolmogorov's ergodic theorem,
1 pi-

mij  Mj-1,j-1
Hence

1 T c 1

—_— I —N

m;; Moo szo j2 lgzj

On the other hand, by an easy calculation

mio = (1 — p;) + 2p;(1 — piyr) + 3pipira(1 — pige) + - - -
1
= ';(fiﬂ + 2fie+ 3fivs+ -0 )~

It follows in particular that

m jo
— < o,
i Mji
This checks with a result above since m$) = > =, n¥f, < «.

3. In this section we study certain sequences of random variables asso-
ciated with the Markov chain {X,}, n=0. Let f(-) be a real-valued function
defined on the non-negative integers and consider the sequence { f(X,.)},
7n=0. If f has a unique inverse, then the new sequence is also a Markov
chain; in general this need not be true. A special case which has been fre-
quently discussed (see [14, p. 335] and [8, p. 342]) is the case in which
f(-)=3.. for a certain 7, where 8 is the Kronecker symbol. We shall investigate
the asymptotic properties of the partial sums

Sn = if(Xv)

=0

as n— o and prove some of the classical limit theorems for them. In the
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special case just mentioned these results are easily obtained and one might
hope to extend them to the general case by a “linear extension.” Such an
approach however has not been carried out. Instead we shall use an idea due
to Doblin [3](%), as follows:

Let ¢ be a given state and let 0=<9,<v,< - - - be the successive values of
v for which X,=14. Let

Vatl

Vo= 2 f(X.).
v=v4+1
The V,, s=1, are independent random variables with a common distribution,
and we have

(15) Se= S IX)+ T4 Y AKX

=0 8=1 v—v‘+1

Thus the asymptotic properties of S, are closely related to those of
-1 ¥,, whose behavior is classic. It remains to explore this relation at
greater length.
We begin with a strong limit theorem which applies to any recurrent
class. We state the following lemma.

LeEMMA. Write ;P};=E,;. Then for every i, j, and k we have
E Ex=Ex.
In particular E;;=1 and E;E;=1.
Proof. According to (D) of the Appendix we have

> Piy
(16) Ei = lim ———
= p0

=0

where the limit is finite and not zero. The lemma follows at once.
For a given function f we set

I(f) = 20 Eif(j).
i=0
It follows from the lemma that the finiteness of I (| f | ) is independent of the
choice of <. Furthermore, if g is another function and if I (I f ] )<ew, I (l gl)
< w0, I(g)##0, then the number I(f)/I(g) is independent of 7.

(%) Here is an instance of an idea, so simple and akin to a familiar one (that of a recurrent
event), and yet so new. Doblin himself seemed to have taken some time discovering it; Kol-
mogorov in [13] gave prominence to it.
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TueoreM 2(2). If I(|f]) <, I(|g|) < and I(g)#0, then

2 f(X.) 1

P{ lim =
I(g)

n—0 z_: g(Xv)

Proof. If I(|f|) < =, we have evidently (cf. the proof of (A), Appendix),

e ), = .
(17 E(Vy) = 3 X3P fG) = 2 Prf(G) = 1().
n=1 j=0 =0
Let I=1I(n) be defined by vy =% <vi(ny11. Suppose first that f(-)>0. Let
V= E',’,‘,o f(X,). Since v; is finite with probability one, regardless of the
initial probabilities, so is ¥’. We have from (15)

-1

(18) 2 Y. = if(X,,) SY' + 2 7.

8=1 =0 =1

Since the state ¢ is recurrent we have lim,., I(#n) = © with probability one.
By the strong law of large numbers of Kolmogorov and Khintchine, we have

1 I(n)
P{ lim—— > ¥, = E(Y;)} =1

n— o l(n) 8=1

It follows from this and (18) that

1.

1 n
- (19) piim— 3 sx) = 10}
n— o l(n) =0
The same result holds if f(-) <0. Hence it holds in general if I(|f]) < .
Replacing f by g in (19) and combining the two results we obtain the
theorem.
Theorem 2 may be regarded as an ergodic theorem in the form given by
E. Hopf [11, p. 47]. An interesting feature is its validity even though there
may be no stationary absolute probabilities for the Markov chain(!!). Such
probabilities are given by the ergodic limits P;=lim,.. d-1P3?, =0, where
d is the period of the class, provided that they are all positive—in other
words, if we are in a positive class. Theorem 2 asserts that in any recurrent
class, positive or null, we may take instead of the P; the numbers E,; =P},
720, for any choice of 5. Note that Y ;2o E;; converges if and only if the class

(1) After this paper was finished I was informed that T. E. Harris and H. E. Robbins [17]
obtained a more general formulation by means of ergodic theory. In our (discrete space) case
metric transitivity can also be proved by martingale theory, as pointed out by J. L. Marty. The
present proof remains the simplest in this special case.

() For an elucidation of the matter see [17].
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is positive and then E;;=m,;/m;; (see (7) of the Appendix). In this case the
theorem specializes to Theorem 6 below, and becomes also a consequence of
Birkhoff’s theorem (metric transitivity can be proved by Theorem 1.1, p. 460
of [6]). These numbers E;; possess another property of the stationary ab-
solute probabilities P;, namely, they satisfy the familiar system of equations

(20) uy = Y, ;P
=0

The proof(!2) is immediate since (noting that ;Pj= Fyj;)
0 0

S P Pu= Y P Pa=3 {:Pia + PE P

i=0 n=1 j=0 n=1
L
() *
= > iPir + Pi = :Pa
n=2
In fact, Derman also proved that the E;;, except for a constant of propor-

tionality, are the only solutions of the system (20) which are all positive.

CoOROLLARY 1. Let Nj(n) and Ni(n) be the number of v's, 0<v=<n, for
which X,=j and =k respectively, then

N; Eif
P{ fim i) _ ’} =1
n—o Nk(n) E;k

This was proved by Harris [9] and Lévy [14], independently. It is the
special case of Theorem 2 with f(-) =4§;. and g(-) = 8., where § is the Kronecker
symbol.

COROLLARY 2. Suppose X,=Xo+&+4 - - - +E&., n20, where Xo and the
&'s are independent, integral-valued random variables and where the £'s have a
common distribution such that every integer is a recurrent value for the sequence
{x =}, n20; the last condition is satisfied if E(£) =0 (see [2]). If fand g are
real-valued functions en the integers such that

2l <o, X e <o, 2 g =0,

then = e =
DIN(CONEDIN ()

P{ lim ”:‘ === =1.
' 28X X (i)

To prove the corollary we need only note that this is the special case

(*?) A longer proof was first given by C. Derman, in his doctoral thesis (Columbia 1954).
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where P;; is a function of 4—j and where all E;;=1. (Here the states are all
the integers instead of the non-negative ones; only a notational change is
called for.) This fact, remarkable in its probability interpretation(®), follows
at once from (16) since P =P for all 4, j and v.

4. We now consider a positive recurrent class and use the same notations

as in §3. If the mean of YV, exists(14) we denote it by '
E(Ya) = M.

In particular if we take f(-) =1 then Y, reduces to the sth recurrence time for
the state 2. We denote this by

v

T, = Ust1 — Vs S 1,
and we have E(T,) =m;;. Let
Z, =Y, — ([,L.‘/”I»ﬁ) T..

The Z,’s are independent random variables with a common distribution
whose mean is

He

E@Z,) = pi — mi; = 0,
provided that u; exists. We note that
vst+1
Z, = Z 8(X)
v=v4+1

where ’
g() = f(-) = pi/mi; -

The variance of Z,, finite or not, is denoted by

0< EZ) =0 S w.

It should be noted that ¢? is not the variance of Y,.
We first prove a preliminary result which may be regarded as an exten-
sion of Theorem 1.

THEOREM 3. Either all u;, 1 =0, exist or none exists. Either all o7, 1=0, are
finite or they are all infinite(*).

Proof. Let the v, be defined as above. Let j#1 and let r be the smallest

(18) It states that in any recurrent random walk (with independent, stationary steps) on
the integers, the expected number of stops at j between two consecutive stops at 4 is equal to
one for all < and j.

(1) A moment exists if it exists and is finite.

(3%) Theorem 3 can be extended to absolute moments of all orders p>0.
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n>wv; such that X, =3, 7’ the smallest »>7 such that X, =j, and vn4; be the
smallest »>7’ such that X,=1.

Furthermore, let N’ and N”’ be two random variables defined as follows:
N’ is the smallest s=1 such that X, =j for at least one #, v, <% =v,4;; and
N"" is the smallest s =1 such that X,=j for at least one n, vx'4, <% SUN'1s41.
Then N’ and N’ have the same distribution and E(N') = > e nGEH™Y py
= 1/,}’1:; < oo,

It is clear that NS N'4+ N"' so that E(V) S2E(N') < .

Consider the sum ()

W=2Z+--+2Zy.
We have

siwhss(Elal)ss( 2 12l) - m(Z1z)).

=1 8=1
If u; exists, each E( l Z.I ) < = ; hence also the conditional expectations
E, = E{|Z,|| Xo # jforalln, v, < n < 11},
E, = E{|Z,|| X. = j for at least one #, v, < n < Vyi1}

are both finite. It follows that

E(IWI)§2(§|Z.|)=2iP(N’=n)E{%:|Z,||N’=n}

=1 n=1 =1

(21) =2 i P(N' = n){(n — 1)E; + E,}

n=1

= 2(E(N") — 1)E; + 2E; < o.
On the other hand,

UN+1

i g(Xa) + i g(Xa) + 2 g(Xn)

n=v3+1 na=r41 ne=r'41

= Wi+ Wy + W, say.

The three random variables Wi, W,, and W; are independent. This is a slight
generalization of Doblin’s idea mentioned at the beginning of §3. A formal
verification lies in the observation that the “elementary” probabilities con-
cerned:

w

1 = a; T =1 X,=14, for a+1=n=1t
T = =1, X,=1, for t4+1=n=<V;
=t; oy =0 X,=1, for Y4+1=u=b

(*%) This idea is suggested by J. Wolfowitz in connection with another proof of Theorem 1.
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where a <t <t <b, are in fact multiplicative. Furthermore E(W;)=E(W)
=E(W;) =0. Hence applying an inequality due to Doob [5, Lemma 2], we
have by (21)

E(|w,]) s B(|W]) < =.

By the definition of 7 and 7’ it is clear that u;=E(W2) + (ui/m.)m;;. Since j
is arbitrary we have thus proved that the existence of any u; implies that of
all Ms.

Similarly, by considering the variances and using the additivity of the
variances of independent random variables we see that the finiteness of any
o7 implies that of all ¢}.

REMARK. If we set f(-) =1 in Theorem 3, the results reduce to part of the
assertion of Theorem 1 for p=1 and p=2.

We are now in a position to prove the classical limit theorems for the se-
quence {f(X,)}. Note that, thanks to Theorem 3, the hypotheses in the fol-
lowing theorems are invariant if the state 7 is replaced by any other state. In
the following we shall write ui/mi; as M, and o2/mi; as B. It will turn out
presently that these numbers, if they exist, are in fact independent of the
choice of %, thus justifying the notations.

THEOREM 4 (WEAK LAW OF LARGE NUMBERS). If m;< © and u; exists,
then for every ¢>0,

(22) lim p{

n—o

Sn
——Ml>e} = 0.
n

Proof. Let the v, and T, be as before. For every n=0 define /=1I(n) by
=n <941

We have then

-1 -1

(23) Sy — D MT, =Y + > Z,+ V"
=1 vl

where

v1 n
V=2 /X)), Y'= 3 f(X)
=0 17=vl+l
Since 9, is finite with probability one, it is clear that lim,.., P(l Y’ | >u)=0.
However Y=Y/ depends on #. To show that lim,.., P(| ¥2'| >%) =0 uni-
formly with respect to #» we need a simple result due to Kolmogorov [12]
according to which
lim P(ﬂ — Vi) > t) =0

t—w
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uniformly with respect to #. It follows that

vi+s
H]W[>w§1{mu Ef@ﬁ:mo+Pw—m>0.
15s5¢ | v=v+1

Hence the left side tends to 0 uniformly in #.

Applying Khintchine’s weak law of large numbers to the sequence {Z,},
s=1, we obtain
-1

Sa—M> T,

v=1

lim P( > ne) =0,

since Y 23 T,=v; and P(limy., 91my/n=1)=1. This is equivalent to (22).

CoRrROLLARY. Under the hypotheses of the theorem all u;j/m;;, 0<j< «, are
equal.

THEOREM 5. (DOBLIN’S CENTRAL LIMIT THEOREM). If m{ < o and 0 <d>
< o (17), then for every real x

Sn — Mn 1 =
lim P{— = x} = f e ¥y,

n—sw (Bn)1/2 (27'.)1/2 o
The proof of Theorem 35 is completely similar to that of Theorem 4 if we
apply the central limit theorem for independent, identically distributed
random variables with finite variances. We remark that this proof is consider-
ably simpler in details than the one given originally by Doblin [3], who
made several unnecessary estimates. Doblin also proved that if e3=0, S, is
the sum of M#n and a constant depending only on the values of X, and X,.

A

COROLLARY 1. Under the hypotheses of the theorem all o%/m;j;, 0=<j< 0,
are equal.

CoOROLLARY 2. If f(-) is a bounded function, then Theorem 4 holds under the
sole assumption that m;; < ©, and Theorem 5 holds under the sole assumption
that mP < o if we allow a degenerate normal distribution in case o2 =0. In par-
ticular, the theorems hold if the number of states is finite without any assumption
whatsoever (in a class of mutually communicating states).

CoRroLLARY 3. The constants M and B in Theorems 4 and 5 are given by

(24) M = f: fy—):

j=0 Mjj
(25) B=i3(])+2 i ngzi Mji+Mik_Mjkg(k)

j=0 Mjj j=0, 75 Mjj k=0 Mkk

(*7) Under the assumption mig < o the condition i< is obviously equivalent to
E(Y)< .
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provided that the series converge absolutely.

This follows from (A) and (B) of the Appendix. It is easy to see that M
may exist without the series on the right side of (24) being absolutely con-
vergent. We give the following example which will be used also in §5.

ExaMpPLE 2. Define a Markov chain(®) as follows:

P0,2t‘—1 = P2ii—1,2= 1, P2i.0 = 1, 1= 1.

w2i? ’
Let f(0) =0, f(2i—1) =4, f(2i) = —4 for i=1. Obviously m =3 and m$ =9.
It is easy to see that m;;=n%2/2 for i=1. Hence »_; |f(4)|/mij= ». On the
other hand, both M and B are equal to zero.

According to Doblin [3], Kolmogorov stated in a letter to Fréchet in
1937 that the central limit theorem applies to S, under the following condi-
tions:

(26) mi < o, > rG) <
=0 Mj;

Apart from this indirect reference this statement has never been published
to our knowledge('®). We think that it is false, as will be shown by the fol-
lowing example(?).

ExampLE 3. Consider Example 1 and set

1/2

fG) =mipo, i20
Then m$@ < » as shown there and
1*(3) M jo

so that (26) is satisfied.
We now rewrite (23) in the form

-1
(23") S,=YV+>Vv,+7"

v=1

It is clear that if the central limit theorem holds for S,, it would also hold
for the sequence of (partial sums of) the independent, identically distributed

(18) This chain is periodic with period 3. A trivial modification makes it nonperiodic.

(%) In a subsequent paper [13] on the local central limit theorem Kolmogorov treated only
the case of a finite number of states and used Doblin’s method.

(29) Added in proof. Even if the second condition in (26) is strengthened to Y_f7(j)/m;; < o
for an r>2 it is still not sufficient. This can be shown by setting f(j) =7V and fa=Cn3(Ign)~?
in Example 3. Cf. a theorem of Doblin-Doob [6, Theorem 7.5, p. 228].
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random variables ¥,, s=1. Write ¥; =Y. By the construction of the chain
in Example 1 we have

1/2 1/2 1/2 C

P(Y =mp +mig + -+ + Ma10) = fa = n= 2.

nd lgzn’

Since mjo~j it follows that » "=¢ m}® ~2n3/2/3. As x— =, we have

C C
P(Y > x) ~ Z f,. = ~ ! o
2n3/2/3> 2 a>ay2s nilgin 23 1g? x

On the other hand, we have

z 2 2 nd 223
f y2d,P(Y S y) ~ 2 (; nm) fa=Cs 2 — ~C
0

3
28235 2 S Gz 7P 1g?n 1g? =

where C, C;, and Cj are positive constants. Therefore,

. 22P(Y > x) C
lim = E > 0.

Zz—®0 z 3
f d,P(V < )
0

According to the necessary and sufficient condition (?!) of Feller and Lévy
for the identically distributed case [15, p. 113] this proves that the central
limit theorem does not hold for the sequence { Y,} ; hence it does not hold for
the sequence S,. In particular, Doblin’s condition ¢? < » is not satisfied; in
fact as shown above

f ¥y, P(Y £ y) = .
0

On the other hand, Example 2 shows that Doblin’s conditions m® < o
and o7 < » do not imply (26).

5. The conditions that m;; < © and u; exists, sufficient for the weak law
of large numbers, are not sufficient for the strong law. To see that, we need
only return to Example 2. Suppose X,=0 with probability one. If X,=0 for
a certain 9, then the probability that f(X,41) =# is equal to

Since S3, =0 for every # 20, we have then S;,4; =7 with the above probability.
It follows by the Borel-Cantelli lemma that S;,4; =7 infinitely often with
(%) Clearly we can state necessary and sufficient conditions for some of the limit theorems

given here if we use the distribution function of Y. To our mind such statements are absolutely
futile.
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probability one. Hence the strong law of large numbers does not hold, while
the weak law holds trivially.

This example suggests that the sufficient condition given in the next
theorem, though not necessary(%), is probably not very far from the truth.

THEOREM 6 (STRONG LAW OF LARGE NUMBERS). If m;; < © and

5 EiO)

=0 Mjj

27 < o,

then

Sn
P{lim——=M} =1

n—o N

ReMARK. If the chain X, is stationary, then under (27) the number M
is simply E(f(Xo)).

Proof. The proof of this theorem is implicit in that of Theorem 2; it is
also a corollary of that theorem for g(-)=1. We need only note that since we
are now in a positive class,

Eij = mi/mj;
and P(lim,., I(n)/n=1/my)=1.
The following alternative method seems instructive. Referring back to the

proof of Theorem 4, we see that we may apply the strong law of large num-
bers of Kolmogorov and Khintchine to {Z,}. It remains thus to prove that
YII
P( lim — = o) =1

n—o N

A little reflection shows that this is equivalent to

(28) P{ max > f(X)| > ne i.o.} =0.
"l<’"§'71+1 vemv;+1

Let U,= ZZ&,‘,,H I f(Xv)l, then (27) is equivalent to E(U;) < . Since the
U, 121, have a common distribution it follows by a well known inequality
that

E P(Uyny > ne) < o0,

Hence by the Borel-Cantelli lemma,
P(Uiny > neio.) = 0.
This obviously implies (28) and proves the theorem.

(2) A slight modification of Example 2 confirms this.
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It is interesting that a similar strengthening of the conditions of Theorem
5, obtained by substituting | f| for f, leads to the law of the iterated loga-
rithm.

THEOREM 7 (LAW OF THE ITERATED LOGARITHM)(®). If m@ < «, and if

(29) e 3 ot} <=

v=p14+1

and B>0, then

Sa— Mn
P{lim sup ——o " = 1} = 1.
n—wo (Bn lg lg n)”z

REMARK. Using the random variables U; introduced in the proof of
Theorem 6, the left-hand side of (29) may be written as E(U?). Using (B)
of the Appendix it may also be written as the right-hand side of (B) after
substituting I f| for f.

Proof. As before we may ignore Y’ in (23). According to the law of the
iterated logarithm in the form given by Hartman and Wintner [10], we have

-1

Z,
28 % -1
lim sup ——— =1
1se  (lo? 1g lg D)1/2
Since P(lim,., I(n)/n=1/m;;) =1 the limit may be taken as n—» and the
denominator may be replaced by (Bx lg lg n) /2.
It remains to prove, as in the previous proof, that for every ¢>0

P{Uiy > (nlglg n)!%i.0.} = 0.
Now it is easy to see that
> P(Uiy > ') < CEUD <

where C is some positive constant. Hence we have as before
P(Uy > n'%i0.) = 0.

This is more than we need to prove the theorem.
Finally, we prove the limit theorems concerning maxp<,<» S, and
MaXosgosa | S»| respectively.

THEOREM 8(*). Under the same hypotheses as in Theorem 7, we have

(®) For the case of a finite number of states see Doblin [3], where a sharper result is proved
by a longer method.

(24) The limit joint distribution of max (S,—Mv) and min (S,— Mv) can be similarly
derived.



1954] CONTRIBUTIONS TO THE THEORY OF MARKOV CHAINS 415

0 if x <0,

lim P{max S, — Mv) < x(Bn)”z} = 2\2 p= .
n—w 0<0=n —) f e Vidy if =0,
0

™

lim P{max [S,, — le = x(Bn)‘/z}

n—wo 0=0=n

4 2 (—1)m {— 2m + 1)211-’}

= - - if x = 0.
1r ,,.E_o mt 1T 87 f

Proof. We shall be brief now. According to results of Erdss and Kac [17],
these limit theorems hold for the sequence of random variables {Z,}, n=1.
Hence it is sufficient to show that for every ¢>0

t
lim P{max max > AX) | > n‘/ze} =0,
n—o 125<1 0,<tS041 ] v=mv,+1
t
(30) lim P{max 3 (X > nl/ze} =0,
n—ow eSS0 | p=1
t
lim P{max > x| > nme} = 0.
T CRIE e

We need only consider the first relation, the other two being implicit in the
proof of Theorem 4. The probability written there is clearly not greater than

nP{ i If(X,)I > n”ze} = nP(U, > nll%)

vmyi+1l

1 1
=n— Ulde=—‘ Ulde

ne? U>nll2e €? U>nli2e

which clearly tends to zero as #— . This proves the theorem.

We forbear from stating further limit theorems which can be proved by
the same method, but add a word about the conditions (27) and (29) which
appear in Theorems 6, 7, and 8. We note that they are clearly satisfied if
m < o and if f is a bounded function. In particular, Theorems 6, 7, and 8
hold without any assumption (in a class of mutually communicating states)
if the number of states is finite. We note furthermore that if we assume only
the weaker condition that u; exists (in Theorem 6) or ¢? < » (in Theorems 7
and 8), then we need an inequality of the following form: for some constant
¢>0 and every x>0,

P{max Zt: f(X,) >x} _S_cP{ f: J(X5) >x}.
0<tS0% | v=v,41 v=2v;+1

It is not known what reasonable process, if any, enjoys this property, but
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it is somewhat reminiscent of martingales. At least in one case, namely
Theorem 8, the condition (29) may be replaced by the weaker one o7 <
and the additional assumption that S,= > ", f(X.), #=0, is a martingale.
This means that the following equations are satisfied for all 2=0:

2 Puf() = j@), 2 Pl ()| < .

=0 =0
Then the sequence V,= Z:‘;",,'l'.,_l f(X,), n=1, is a martingale and the process
obtained from V, by optional stopping:

Vi ooy Ve

is also a martingale (see [6, Theorem 2.1, p. 300]). The process V2, 1<#n
=v,—1,, is then a semi-martingale (loc. cit., Theorem 1.1, p. 295) and we have
(loc. cit., Theorem 3.2, p. 314)

1
(31) nP{ max | V.| > nl/ze} < f v _,dPr.
15¢50-7 e max) <<y, o, [Vil>nl/2e
The conditions m{ <® and 0;<w imply that E(V2_,)<w. Since
Maxi<i<o,u I V,I is finite with probability one, the right side of (31) tends
to 0 as n—, and this is sufficient to prove the first relation in (30).

APPENDIX

For the sake of convenience we state and prove some results from [1]
which are used in the present paper.
In the notations used at the beginning of §3, we have (Theorem 3 of [1]):

() { 3 f(X,,)} N SR LS
v=v1+1 j=0 Mjj
v3 2 © 3
E{[ > f(Xv)]} = mi; 74)
(B) v=v1+1 j=0 Mjj .
+ 2my Z @ mi; + mix — mikf(k),

7=0, 53 Mjj k=0 MEk

provided that the series converge absolutely. Furthermore (see (19) of [1]),

= Mji.

©) i mi; + ma — mjx

k=0 Mk
Proof. If j=k we have

—1
X (v) _ (n—0)
Fi =2 «Pii Fi

om0
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where P =1. Summing over # we obtain

(1) 1= Fi = Fall + 1Pj).

Further, if j=k we have P{ = > ", 1 FY +PJ~". Summing over # we obtain
@ wPi; = WFi(1 + 1P5).

From (1) and (2) we have

. FG
(3) kP L¥] ,F:al‘c
Suppose j#k. Let o' be the smallest value of v>u, for which there exist
ny and n, such that v, <759, v <n;<v’ and X, =j, X.,=k. The expecta-
tion E(v'—v;) may be suggestively denoted by m(z, j and k). Recalling that
+F}; is the probability, starting from 4, of reaching j before £, it is not diffi-
cult to see that

4) m(s, 7 and ) = mi; + oFiimp = ma + Fiamas.
Since in a recurrent class xFy+;Fa =1 we deduce from (4) that
(5) mix + my; — mi; = kai(mik + my;).
Replacing both 7 and %k by j and j by % in (5), we have

(6) mii = Finlme; + ma).

From (3), (5), and (6) we obtain then

Mix + Mr; — Mij
(1) Wiy = — 2T

mi;i
This is the main formula.
Summing (7) over j we obtain

0

Y aPh= 22 szf?)

i Mix + Me; — mij

=0 miji =0 =0 nm=1
L L
(v)
= > 2 Fu =ma
n=l v=n

Thus (C) is proved. Note that the m;'s on both sides cancel out.
To prove (A) and (B) we introduce new random variables X;, n=1, as
follows
X' {/0 if X, = iforsomev: 1 <v<m;
T

f X, iforallv: 1S9v<m.

We have, if the series involved converge absolutely:
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E{ ﬁj f(X,,)} = E{ix;]xo=i} =iE{X,’.lXo=i}

v=7v3+1 n==l No=]l

] 00 ) . 0 mis
X3 PG = 3 PG = 2

ne=1 j=0 7=0 j=0 Mjj

by (7) with k=4<. Thus (A) is proved.
Xo = ’l«} .

Similarly, we have

(8) E{[ > f(X,,)] 2} = E{ > [X,’.’ 23 3 XIXi]

r=v1+1 n=1 re=l g=r4l
As before,
L] 0 m“
©) E{ > x| X = i} > — )
n=1 i=0 Mj;

Next we have

0 0 L4

Y Y EXX K= =3 S S 3G PSR

r=1 g=r+l r=1 s=r4l j=0,j%1 k=0

© - *

2 Pif(§) 20 P irf(R).
=0, 717 k=0

Substituting (9) and (10) into (8) and using (7) we obtain (B).
In a recurrent class we have (Theorem 1 of [1]):

Z P(v)

v=0
n
()
2 P
v=0

Proof. That 0<;P5<® follows from (3). Now PJ = > ", P{ P
where ;P =0. Summmg over n,

ZP('!) - ZP(‘U) E P(")

n=0 =0 n=0

I

(10)

(D) 0 < ;P = lim

n—o0

< o,

Since limy ., 2 2-a PP =P}, it follows easily that

E P(ﬂ)

*
= ,‘P.','.

lim
N—w

Z P(")

=0

On the other hand it is trivial that
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Z P(n)

lim 2 = 1.
N—e Z P(n)
n=0
Thus (D) is proved.
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